An important and interesting question in photoacoustic computed tomography (PACT) is whether the absorbed optical energy density distribution, A(r), and the speed of sound distribution, c(r), can both be accurately determined from the measured photoacoustic data alone. However, in many cases c(r) is unknown or cannot be accurately estimated. Therefore, it would be practically beneficial if A(r) and c(r) can be jointly reconstructed from the measurements. In this work, we propose a reconstruction approach to the joint reconstruction of both properties in PACT.
INTRODUCTION
Conventional image reconstruction algorithms in photoacoustic computed tomography (PACT) are often based on idealized imaging models that assume an acoustically homogeneous medium. However, in applications such as transcranial PACT of primates, the photoacoustic (PA) wavefields can be strongly aberrated and attenuated by the skull. [1] [2] [3] In such cases, if the acoustic heterogeneity is not accounted for in the reconstruction algorithm, the reconstructed images can contain significant distortions and artifacts. To compensate for the effects of acoustic heterogeneities, several image reconstruction methods have been proposed. [4] [5] [6] [7] [8] [9] [10] It has been demonstrated that, by incorporating the speed of sound (SOS) distribution, c(r), into the imaging model, these methods can improve PACT image quality. However, in many cases of practical interest, c(r) is unknown or cannot be accurately estimated.
This brings up an important question in PACT: can the absorbed optical energy density distribution, A(r), and the speed of sound distribution, c(r), both be accurately determined from the measured PA data alone? Recent work on the theory of joint reconstructions (JR) in PACT demonstrate only that A(r) and c(r) can be accurately determined from the measured data under certain restricted conditions, but the theoretical answer to general cases is still unknown. 8, 11 A few works have also reported the development of algorithms for JR of A(r) and c(r).
12-14 In Ref. [12] , an iterative reconstruction method was proposed to simultaneously estimate both A(r) and c(r). The method utilized a priori information regarding the geometry of the SOS distribution. In Refs. [13] , [14] , Jiang et al developed a JR method that was based on the Helmholtz equation, which was solved by the finite element method (FEM). While this method is grounded in a accurate model of the imaging physics, it suffers from an intensive computational burden.
In this study, we develop and investigate an optimization-based reconstruction approach to the JR of A(r) and c(r) that is based on the time-domain wave equation. The reconstruction method utilizes an alternating optimization scheme, where A(r) is reconstructed by use of a previously-developed full-wave iterative method, 10 while c(r) is reconstructed by use of a nonlinear optimization algorithm based on the Fréchet derivative of an objective function with respect to c(r). 15, 16 The developed JR method is investigated by use of computer simulation studies. 
BACKGROUND
In a heterogeneous lossless fluid medium where the variation of mass density can be neglected, the propagation of the thermoacoustically-induced pressure wavefield p(r, t) can be modeled by the following wave equation
subject to initial conditions
where Γ(r) is the Grueneisen parameter that is assumed to be known throughout this paper.
Based on the wave equation, the inverse scattering problem of reconstruction of c(r) for a known A(r) can be formulated as a nonlinear optimization problem that estimates c(r) by minimizing the objective functional:
subject to the constraint given by (1) . Here,p(r m , t) denotes the measured PA data from the m-th transducer at location r m (m = 1, · · · , M ) and T denotes the maximum time at which the PA data were recorded. Note that, for simplicity, we neglect the acousto-electrical impulse response (EIR) of the ultrasonic transducers and assume each transducer is point-like in this study.
Gradient-based iterative algorithms can be utilized to minimize the nonlinear functional (3). Gradient-based methods require the functional gradient, or Fréchet derivative, of E with respect to c(r), which can be calculated by use of the adjoint method. 15, 16 In the adjoint method, the adjoint wave equation is defined as
subject to terminal conditions q(r, T ) = 0, ∂q(r, t) ∂t
where the source term is defined as
Upon solving (1) and (4), the Fréchet derivative of E with respect to c(r) can be determined as, 15, 16 
Once the Fréchet derivative is obtained, it can be utilized by any gradient method as the search direction to reconstruct c(r).
SIMULTANEOUS RECONSTRUCTION
The Fréchet derivative described above permits us to formulate the JR of A(r) and c(r) as an alternating optimization problem that consists of two sub-problems: reconstruction of A(r) given c(r) and reconstruction of c(r) given A(r). To numerically solve the alternating optimization problem, a discrete imaging model of PACT needs to be established first, which is described below.
Discrete imaging model
and
be N ×1 vectors representing the discretized A(r) and c(r) sampled at N vertices on a Cartesian grid, respectively.
Likewise, we definep
as the measured PA data sampled at transducer locations r m (m = 1, · · · , M ) and at time t = l∆t (l = 0, · · · , L − 1), Here, ∆t is the sampling time step, and L is the total number of time steps.
The measured PA data corresponding to all transducer locations and temporal samples can then be defined
By use of (8), (9), and (11), the discrete imaging model of PACT can be expressed as
where H(c) is the LM × N system matrix, which depends on c. The procedure to establish the explicit matrix representation of H(c) can be found in Ref. [10] .
Alternating optimization
Based on the discrete imaging model (12), the inverse problem of reconstructing A for a given c can be formulated as the penalized least squares problem
where λ A is the regularization parameter, and R(A) is a regularization term. Depending on the choice of R(A), there exist different optimization algorithms to efficiently solve (13) . 19 In this study, a total variation (TV) penalty is adopted, and the fast iterative shrinkage/thresholding algorithm (FISTA) is utilized to solve (13).
10, 20
Similarly, reconstruction of c for a given A can be accomplished by solving the following optimization problem
The gradient of (14) can be obtained by discretizing (7), which can be utilized by gradient methods as search direction to reduce the objective function value in (14) . In this study, the TV-penalty is also used to regularize the reconstruction of c, and the limited-memory BFGS (L-BFGS) algorithm is employed to solve (14) .
19, 21
Finally, A and c can be simultaneously reconsructed by alternately solving (13) and (14).
NUMERICAL STUDIES AND RESULTS

Numerical studies
A preliminary numerical investigation of the proposed JR method was conducted. Figure 1 shows the numerical phantoms of A and c employed in this study. By use of the k-Wave toolbox, 22 simulated pressure data corresponding to those phantoms were computed at 120 transducer locations that were evenly distributed on a circle of radius 15 mm. At each transducer location, a total of 1,000 temporal samples of the simulated pressure data were computed at time step ∆t = 40 ns. The simulated pressure data were then contaminated by 3% (with respect to maximum value of noiseless data) additive white Gaussian noise. To avoid inverse crime,the simulated pressure data were generated on a Cartesian grid of 512 × 512 pixels with a pitch of 0.1 mm. Simultaneous reconstructions were conducted on a grid of 256 × 256 pixels with a pitch of 0.2 mm. The regularization parameters λ A = 0.001 and λ c = 0.001 were empirically selected for use in the studies involving noiseless data. For the studies involving noisy data, λ A = 0.003 and λ c = 0.01 were employed. 
Numerical results
The simultaneously reconstructed images corresponding to noiseless and noisy data are displayed in Figs. 2 and 3, respectively. In each figure, the results in the top row are the reconstructed A and its profile, while the bottom row shows the reconstructed c and its profile. The profiles are along the X-axis indicated by the arrow in Fig. 2(a) . The red lines and blue lines corresdpond to profiles through the phantom and reconstructed images, respectively. These results show that, in an idealized scenario where model errors can be neglected, it is possible to accurately reconstruct both A and c when appropriate regularization is employed. The noisy results also show that, by use of regularization, the proposed JR method is robust to measurement noise when no model errors exist.
SUMMARY
In this study, we investigated the JR problem in PACT by use of an alternating optimization method that is based on the wave equation. Computer simulation studies were conducted to assess the accuracy and the robustness of the proposed JR method. The numerical results showed that, in an idealized scenario where model errors can be neglected, it is possible to achieve accurate JR of A(r) and c(r) when appropriate regularization is employed. However, there always exist model errors in practice, such as inaccurate deconvolution of transducers' EIR. Therefore, the feasibility of accurate JR in practice remains an important topic for future study. 
